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ABSTRACT. We construct finite time blowup solutions to the parabolic-elliptic Keller-Segel
system

Ou=Au—V-(uVKy), —-AK,=wu in RY, d=3,4,
and derive the final blowup profile

|logr| @
ogr d
Cdig >

u(r,T) ~ as 7 — 0, cq>0.

To our knowledge this provides a new blowup solution for the Keller-Segel system, rigorously
answering a question by Brenner et al in [9].

1. Introduction.

We are interested in the existence of blowup solutions to the Keller-Segel system

_ 2
{ 8tg: ﬁ%u Jrvf“ Vatu, o erd, (1.1)
where u(t) : # € R? — R subject to initial data u(0) = ug. The system (1.1) appears in many
biological and astrophysical contexts. Here, u(z,t) stands for the density of particles or cells
and K, is a self-interaction potential. In the two-dimensional case, it is used to model the
so-called chemotazis phenomena in biology first introduced by Patlak [48] and Keller-Segel
in [41] (see also [42] [43] for a derivation of a general model). In higher dimensional cases,
the system (1.1) appears as a simplified model for self-gravitating matter in stellar dynamics,
see for example [59], [60], [54], [11] and [21]. We refer the paper [38] where the author gives
a nice survey of mathematical derivation of (1.1) and related models. It’s worth mentioning
that the system (1.1) is a special case belonging to a much wider class of nonlocal aggregation
equations including those with degenerate diffusion read as

du = AA(u) + V- (B(u)VK xu), (z,t) € R? x [0,00), (1.2)

where A(u) and B(u) can be nonlinear functions and K is an arbitrary local integrable func-
tion. In (1.1), we have A(u) = B(u) = v and K is the Newtonian potential. Beside covering
a wide range of application, equation (1.2) posses an interesting mathematical phenomena

2010 Mathematics Subject Classification. Primary: 35K50, 35B40; Secondary: 35K55, 35K57.
Key words and phrases. Blowup solution, Blowup profile, Stability, Semilinear wave equation.
September 25, 2023.



2 V. T. NGUYEN, N. NOUAILI, H. ZAAG

already observed in (1.1): the competition between the diffusion and the nonlocal aggregation
for which we may have global existence or finite time singularity of solutions.

The local Cauchy problem for (1.1) can be solved in L>®(R9) for the class of radially
symmetric solutions, see for example Karch-Suzuki [40], Souplet-Winkler [55], Winkler [58].
For the study of Cauchy problem for the general model (1.2), we refer the works of Masmoudi-
Bedrossian [4] (see also [6], [5], [2]), Biler-Karch-Pilarczyk [8] and references therein. Due
to the singularity of the Newtonian potential at the origin, the existence of finite blowup
solutions and their mechanism are delicate, and this is precisely our focus in this paper.

Neglecting the drift term in (1.1) gives the classical semilinear heat equation

O = Au+ |uP~tu  with p =2, (1.3)

where the existence of global-in-time or blowup solutions has received lots of attention in the
last five decades, starting from the work of Fujita [25]. We refer the book of Quittner-Souplet
[49] as a nice source of references on this subject. Up to now, a fairly completed picture on
the singularity formation for (1.3) has been established, especially for the existence with a
detailed description of the mechanism near the singularity. A very first result in this direction
based on a numerical rescaling algorithm by Berger-Kohn [7] suggested that a stable (generic)
blowup solution to (1.3) is given by

1 T 1
1”¢P<¢@—wmgT—w>’P“*:Lwﬂm' (14)

A rigorous construction was later done by Bricmont-Kupiainen [10], Merle-Zaag [45] and a
refined description by Nguyen-Zaag [47]. A completed classification of all Type I blowup
behaviors was established by Fillipas-Kohn [22], Filippas-Liu [23], Velazquez [56], Herrero-
Veldzquez [32] where we see unstable blowup profiles. Here, a blowup solution to (1.3) is of
Type I if it satisfies

u(z,t) ~

limsup(T — t)||u(t)|| L < +00,
t—=T

otherwise, the blowup is called Type II. The existence of Type II blowup solutions to (1.3)
was established in some special range of p = p(d), see for example [24], [51], [19], [30], [20],
[17], [18] [37],[12], [13] and references therein.

We wonder whether the presence of the drift term in (1.1) would create a different blowup
mechanism. Indeed, this was the case d = 2 where the system (1.1) is said to be L!-critical
in the sense that the rescaling function

1 z t
YAS0, un(z,t) = ﬁu(x, p) (1.5)
solves the same system and preserves the same L'-norm,

lull 21 w2y = l[urll L1 (m2)-

The blowup is completely different from the nonlinear heat equation (1.3) where only Type I
blowup may occur (see [27]). In fact, for the two dimensional Keller-Segel system (1.1), the
blowup rate is quantized in [14, 15] (see also [34], [57], [53] and [50] for earlier results) with

co(T —t) Lexp(y/2|In(T —t)]),

PG ™ gy (0 ez — 0, o

LeN{>2.
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We also have the existence of blowup solutions in higher dimensional cases d > 3 established
in [16] where the authors rigorously constructed a so-called collapsing-ring blowup solutions
in the spirit of blowup for the nonlinear Schrédinger equation [46] and found the blowup rate

()| oo ety ~ (T — ). (1.7)

This result was formally derived in [35] for d = 3 and reestablished by Brenner et al in [9]
for d > 3 (with a formal analysis too). The authors of [9] also predicted many other blowup
patterns for (1.1) in the higher dimensional cases. There are also self-similar solutions having
the blowup speed ||u(t)||z~ ~ (T —t)~! described in [36], [52], [28] and [55].

In this paper we exhibit a new type of blowup solutions to (1.1) that haven’t been ob-
served in the literature to our knowledge (the possible occurrence of this solution was briefly
mentioned in Section 4.3 of [9]). Consider the space dimension

d=3, 4,

and restrict to the case of radially symmetric solutions. Then, for any smooth radial function
u € L®(R?), the potential term is defined as

1 " _
Oulr) = =7 [ w(Octag, = al, (19)
and the system (1.1) is written as a nonlocal semilinear heat equation,
1 ' d—1 2
Opu = Agu + (m /0 w(¢)¢ d() Bru + u, (1.9)

where u(t) : Ry — R and Ay is the Laplacian acting on radial functions in R%, i.e.

Ag=0%+ ?ar.

Our main result is the following.

Theorem 1.1 (Existence of finite-time blowup solutions to (1.1)). Consider d = 3,4 and let

= fiQ and o = %. There exists radially symmetric initial data ug € L*°(Ry) such that
the corresponding solution to System (1.1) blows up in finite-time T < oo only at the origin

and admits the following asymptotic dynamics.
(i) (Inner expansion)
1 1 da(y) 1
VT —1,t :—[1—— } t T, 1.10
wVT =48 = 7 '~ B Tiogw — 01+ s )] (1-10)
where the convergence holds on any compact sets {y < C'}, the function ¢o(y) is the
polynomial of degree 20 satisfying A¢op — iyﬁyqﬁgg + ¢9e =0,

Bs = 39360 for (d,f) =(3,3) and By =576 for (d,¢) = (4,2). (1.11)
(ii) (Intermediate profile) Let Q be a positive function defined by
1— dQ _ o0 . _ d€+1

VE e Ry, o € with ¢ = Beld 1 20 > 0. (1.12)

Let F(€) = dQ(€) + £Q/(€), we have
sup |(T — t)u(yvT — ¢t,t) — F($>

— )| =0 as t—T. (1.13)
ly|€R? |log(T — t)|2¢
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(11i) (Final profile) There ezists u* € C(R4 \ {0},R) such that u(r,t) — u*(r) ast — T
uniformly on compact subsets of Ry \ {0}, where
2\7 [logr|
* ogr|t

i~ -2 (2) 1

Ce

as r — 0. (1.14)

Remark 1.2 (New blowup profile). One of the significant contribution of this work is the
construction of a new blowup profile (1.12) with a log correction to the blowup variable

.
= VT — 1 |log(T — t)|2

Let us mention that Brenner et al [9] wondered whether blowup solutions exist with this
particular scaling for any dimension d > 3, not necessarily with the same power we get here
for the log correction (see Section 4.3 in that paper). In particular, they did not provide the
exact power of the log correction (i.e. i), as we found here for d = 3 or d = 4.

The appearance of the new blowup scale given in (1.15) shows a strong influence of the
drift-term to the blowup dynamic of (1.1). Recall from (1.4) that the stable blowup scale for
(1.3) is given with ¢ = 1 and the intermediate profile is explicitly given. As a consequence,
the existing analysis developed for (1.3) can not be straightforward implemented to (1.1),
although the general framework for the construction remains the same once the blowup is
concerned.

It’s worth remarking that the final blowup profile derived in [55] for the class of radially
symmetric decreasing solutions satisfies

with ¢ > 2. (1.15)

cr 2 <u(r,T) <cr 2 and u(z,T) < CO(T —t+4r3)"L,

Recall that our constructed solution is radially symmetric, but not a decreasing function.
Indeed, the inner expansion (1.13) involves a Hermite type polynomial of degree 2¢ which
changes signs on the set y € (0,yp) for yo > 1. Hence, our intermediate and final blowup
profiles (1.13) and (1.14) are excluded from what described in [55] and in agreement with the
description of [28] asserting that all Type I blowup solutions are asymptotically backward
self-similar.

Remark 1.3 (Co-dimensional stability). The initial data we consider in the construction
depends on ¢ parameters (d;)o<i<e—1 (see (3.46) for a proper definition) to control growing
eigenmodes of the linearized operator. One parameter can be eliminated by the translation
in time invariance of the problem, so it remain (¢ — 1) eigenmodes to be handled. Roughly
speaking, our constructed solution is (¢ — 1) co-dimension stable in the sense that if we fix
those (¢ — 1) unstable directions and perturb only the remaining components of the solution
(see Definition (3.1) for a definition of solution decomposition and a bootstrap regime to
control them), the solution still admits the same behavior as described in Theorem 1.1. We
also remark the connection of our constructed solution to the backward self-similar solutions
to (1.9) which is of the form

where ® solves

1 _ 1
0= Ayd + <yd—1/0 o(¢)¢d 1d<)ay<1> + 9% = 20,0 — 2.
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There are four explicit solutions

<I>1EO, (1)251, q)g:

2d-2) o L [4(d— 2)(2d—i—y2)yd}
—_— 4 =
y? yd=177L(2(d - 2) +y?)?
The blowup profile introduced in Theorem 1.1 is asymptotically like the constant solution ®-

in compact sets. In a recent work [29], Glogic and Schérkhuber showed the stability of the
solution with ®, profile in three dimensions in H3(R3).

Remark 1.4 (Extensions and related problems). From our analysis, we suspect that the
blowup scale with a log correction (1.15) can only occur in dimensions d = 3 and d = 4. In
fact, the appearance of such a log correction is strongly related from our point of view to the
presence of a zero eigenvalue for the linearized operator defined below in (2.5), which occurs
only for d = 3,4 (see Remark 2.1). Other blowup scales without a log correction are suspected
to exist similarly as in the nonlinear heat equation (1.3) where a negative eigenmode of the
linearized operator is assumed to be dominant in the inner expansion (1.10).

The suppression of blowup in (1.1) by modifying the nonlinearity has been an interesting
direction recently, see for an example [44], [3], [31], [39]. We remark that our construction
actually works for the nonlinear perturbation problem where we consider the nonlinearity 1>
added a perturbation f(u), namely the problem

O = Au — VK, - Vu +u® + f(u),
where f satisfies the growth condition
If(u)] < CA+|ul?) for 0<q<2, or f(u)=eu? for 1+e€>0.

The first assumption turns to be exponentially small in the self-similarity setting (2.1) and
the contribution from this small nonlinear term is neglectable. The later assumption ensures
that there associated ODE v/ = (1 + ¢)u? still blows up in finite time, hence the intermediate
blowup profile (1.14) and the final profile (1.14) are modified with the factor %ﬂ We suspect
the case ¢ < —1 would prevent blowup to happen, or if blowup does occur, its dynamic would
be completely different from what established in this paper.

The analysis presented in this work is expectedly applicable to the general equation (1.2)
with A(u) = u and B(u) = uP~! for p > 1 or A(u) = u™ for m > 0 and B(u) = u up to some
technicalities. The later case is an interesting model (porous medium type equation) used to
describe gravitational collapse phenomena (see [11]).

Strategy of the construction: We briefly describe the idea of the proof of Theorem 1.1.
- Change of variables: We consider the change of variables
ﬁw(ya S)? Y= Tr_ y §= — log(T - t)a

and introduce the partial mass setting

Y
oy, s) = yld /0 w(C ), w= ydllay@dv)-

where v solves the semilinear heat equation

u(r,t) =

~+

1
0sv = Agiov — §y8yv + dv? + yvoyv. (1.16)

We note that such a transformation is just to simplify the analysis, and emphasize that the
strategy and main idea remain the same once we work with the equation satisfied by w.
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- Linearization: Through a formal computation of the blowup profile ) given in Section 2,
we introduce the linearization

Yy
v(y,s) = Q) +e(y,s), &= 1
S2¢
where € solves the linearized problem
O0se = He+ NL(e) + E, (1.17)

where NL is a quadratic nonlinear term, E is a generated error and 7 is the linearized
operator

A= Bais— (5~ Q(O)yd, + (20Q — 1+ Q).

We observe that .7 behaves differently depending on the behavior of the profile Q(&):

- For y > sﬁ(f > 1) , we have by the decaying property |Q(£)] + [£9:Q(E)| = O(£72), the
linear operator % behaves like Agio — %yay — Id, which has fully negative spectrum.

- For y < si(g < 1), we have by the asymptotic behavior ‘Q(f) - é‘ + [€0:Q(&)| = O(£?),
the linear operator .7 behaves like Agio — %yf)y + Id, which has ¢ positive eigenvalues, a
zero eigenvalue and infinity many negative ones.

- For y ~ 52 (£ ~ 1), this is the transition region (intermediate zone) that we don’t have any
asymptotic simplification of 5#°. This is one of the major difficulties of the paper. Indeed, it

makes one of the main differences with respect to the analysis for the nonlinear heat equation
(1.3) that results in a different approach presented in this paper.

- Decomposition: Based on the behavior of the linearized operator 7, we split the control
of ¢ into three regions: for a fixed large constant K > 1,

- The outer region y > K 32%(5 > K): Since  behaves like the one with fully negative
spectrum, the estimate of € in this region is straightforward by using the semigroup associated
to the linear operator Agyo — 340, (see Section 4.6),

7=01, WdyYe(y, s)lezryllre S 1wy Es)llz + (y0y) e(y, s)Ligmrylzee,

where [|(y9,)? E(s)| L~ < s is the typical size of the generated error. We need the infor-
mation from the intermediate region for the boundary term located on £ ~ K to completely
close the estimate in the outer region.

- The intermediate region K <y < 2K si, we control the solution in the weighted L? norm,

aiz= [T W s dy
I = | -

y4€+2 Y

(we can replace the weight y**+2 by y?* for any k& > 2¢ + 1 with an improved refinement of

the generated error). Thanks to the monotone property of the profile @ and the dissipative
structure of the parabolic equation, we are able to arrive at the monotonicity formula (see
Lemma 4.6)

. d . , . .
i=0,12 —lldy)ely < =doll(wdy)elly + 10y BIl; + | (w0y) elymsclly,  (1.18)

where ||(y0,) E||2 < s7277 is the size of the error term. By Sobolev inequality, we obtain a

pointwise estimate |£(y, s)| < s™imo (|y|?**14-1) that provides the necessary information of &

at the boundary y ~ 53 to complete the estimate in the outer region. It’s worth mentioning
that in the case of the nonlinear heat equation (1.3), this kind of pointwise estimate can
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be directly achieved by using a semigroup approach. However, we are not able to follow
that approach for the Keller-Segel equation (1.1) due to the lack of knowledge on semigroup
theory associated to 7. Here, we still need the information of £ at the boundary y ~ K to
completely close the estimate of ||(ydy)’el|, after a forward integration in time.

- The inner region y < 2K, the linearized operator ¢ is regarded as a perturbation of

. 1
t%”ﬁ +1Id with %% = Ad+2—ﬁy8y.

The operator 7 i is self-adjoint in L/Z, with the exponential weight p = exp(—%)yd“. Since
2
I 1 posses ¢ positive eigenmodes and a zero one, we further decompose
2
20—1
5(y78) :Eﬂ(ya S)—i_é(yas)a 5h(y) S) = Zek(S)WQk(y)a <€7 902k>Ll2) =0for k :07 726—1’
k=0

where (9 is the eigenfunction of JZ g corresponding to the eigenvalue —% and £ solves the
equation

k ~
0 =H1E4+E+ [+ (11— z)ek]gogk(y) +R+V(é) + NL(3),

where V and NL are small linear and nonlinear terms. Using the spectral gap (ji”% £,6)12 <
2

)
—2H5H%3 and a standard energy estimate, we end up with (see Lemma 4.5)

d 2 12 2 . -3
e, < ~3elZ + IRIZ, with Rl S s
As for the finite dimensional part, we simply obtain by a projection onto the eigenmode @o,

2

k 2
| =kt (U= Perl SUElzg +572 e+ See] SEllzg +57°

=7
The equation of ¢y is delicate as it’s related to the projection onto the null mode where the
contribution from the small potential term must be taken into account to produce the factor
% as well as an algebraic cancellation in the projection of the error term onto the null mode
to reach O(s73). Those calculations get used of the precise value By given in (1.11) (see
Lemma 4.4). A forward integration in time yields the estimates

lelly S 57 Jexls)| S5 2 for €41 <201, Jels)] S 252

The remaining growing modes (5k(s)) are then controlled by a topological argument

0<k<t—1
where we need to construct initial data for which these components converges to zeros as
s — oo. The L% estimate provides information on compact sets of y, where we can get
estimate of (y,s) for y ~ K to close the estimate for the intermediate region. This de-
composition is detailed in the definition of bootstrap regime (3.1) in which we successfully

construct solutions admitting the behavior as described in Theorem 1.1.

We organize the rest of the paper as follows: In Section 2 we perform a formal spectral
analysis to obtain the blowup profile. We formulate the linearized problem in Section 3 and
define a bootstrap regime to control the remainder. In Section 4 we control the remainder in
the bootstrap regime and prove that the solution of the linearized problem is trapped in this
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regime for all time from which we conclude the proof of the main theorem.

Acknowlegments: V.T. Nguyen is supported by the National Science and Technology Coun-
cil of Taiwan (ref. 111-2115-M-002-012 and ref. 112-2628-M-002-006). A part of this work
was done when V.T. Nguyen visited the Université Paris Dauphine and he wants to thank
the institution for their hospitality and support during his visit. H. Zaag is supported by the
ERC Advanced Grant LFAG/266 “Singularities for waves and fluids”.

2. Formal derivation of the blowup profile

In this section we formally derive the blowup profile through a spectral approach that will
be rigorously implemented in the next section. As you will see, the profile with a logarithmic
correction to the blowup scale only appears in the case of dimension d = 3 or d = 4 for which
the linearized operator poses zero eigenvalues. We work with the self-similar variables

(T— t)w(% S)> ICU(:L‘,t) = ICw(i% 8)7 Yy = T 1

where w solves the equation for (y,s) € Ry x [—log T, 4+00),

u(r,t) = s=—log(T —1t), (2.1)
1 2
Osw = Agqw — | 0y, + 2V Oyw — w + w*, (2.2)
with Ay being the Laplacian in R? acting on radial functions, i.e.
d—1
Ag =02+ Tay,

and the potential term is defined by

1 v _
0l 3) =~ [ wlC e (2.3)
A linearization of w around the nonzero constant solution
_ Yy
=1 -0, Ky ==
w ) Y/ d’
leads to the linearized equation for ¢ = w —w, K, =K, — Kg:
0sq = Zoq — 0yKq0yq + @, (y,8) €Ry x [~logT,4+00), (2.4)
where
. d—2
Lo=Ag—aydy+1 with a= 57 (2.5)

Spectral properties of .Z,: The linear operator %, is formally a self-adjoint operator in
L2 (R, ) with the weight function

. alyl? o0
wly) = cayle 5", / w(y)dy = 1, (2.6)
0

where ¢q = 251757 (%) to normalize |lw|/;1 =1, I' is the Gamma function. The spectrum
of £, is discrete
spec(Zn) = {\an = 1 — 2na, n € N}, (2.7)

and the corresponding eigenfunction ¢, is a polynomial of degree 2n that satisfies

Agpon — O‘yayqun = —2nagay. (28)
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In particular, we have the close form of ¢, given by
n
Gan(y) = Hp(z) = ZAnngk with 2z = 2ay?, (2.9)

where H,, is the regular solution to the Kummer-type ODE

4zH, + (2d — z) H), + nH, = 0. (2.10)
and A, ;’s satisfy the recurrence relation
2k(2k +d — 2)

An,n = 1, An,k—l = — An,kz for k= 1, e, N (2.11)

n—k+1
We note the orthogonality identity

/ Gon(Y)b2m (y)w(y)dy = (2a)~ / H,( )z Te 4dz—an5nm, (2.12)
0
where 6, =0if n # m and 6, =1 if n =

Remark 2.1 (The zero mode). Consider ¢ € N such that A\yy = 1 — 2af = 0, which gives
(= = ﬁ € (1, 3]. We see that there are only two cases for which ¢ is an integer number:

{=3 for d=3 and ¢=2 for d=4.

Remark 2.2 (The first few eigenfucntions). We list here the first few eigenfunctions (gener-
ated by Matlab symbolic) served for our computation later:
- for d = 3,

():1, Hy(z) =z —6, Hy(z) = 2* — 20z + 60,
H3(z) = 23 — 4222 + 4202 — 840,
Hy(z) = 2* — 7223 4 151222 — 100802 + 15120,
Hs(z) = 25 — 1102% + 39602% — 5544022 + 277200z — 332640,
He(z) = 2% — 1562° 4 85802* — 2059202> + 21621602% — 86486402 + 8648640,

Ho(z) =1, Hy(z)=2-8, Hy(z)=2%—24z+ 96,
Hj(z) = 2 — 482% + 5762 — 1536,
Hy(z) = 2% — 8023 + 192022 — 15360z + 30720.
We can expand an arbitrary polynomial P,(z) in terms of ), Hy(z) through the inverse

1 Hy 1

z H1 ALO 1

2 =p | H2 | with D, =|A420 A1 1 , (2.13)
2" Hn ATLO An,l An,2 e 1

)

where A; ; is given by (2.11). A direct check yields

n

2= {4 hi<ig<n, Z A k| Hi(2 (2.14)
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from which and the orthogonality (2.12) imply

/ Y dom(y)w(y)dy =0 for m >n+ 1. (2.15)
0

Appearance of Type 1 log-profile: Consider
(d,0)=(3,3) and (d,0)=(4,2).
We decompose ¢(y, s) according to the eigenspace of %, namely that
a(y,9) =D ar(s)par(y) = Y ax(s)Hi(2), =z =2ay”.
keN keN

Since ) psppq ak(s)d2k(y) is the projection of g(y,s) on the negative mode of %, we may
ignore it in this formal derivation, meaning that we only consider the ansatz

a(y,s) = ar(s)dor(y).

k<t
By assuming the zero mode is dominant in the sense that
lak(s)| < |ag(s)] for k<0 —1, (2.16)
we plugin this ansatz into (2.4) and project it onto the eigenmode ¢9; for j =0, ..., ¢:
a} = (1 - 2ja)a; + | d21 3 (NL, 6255

where

NL=— ( Z akay@k) ( Z akay/Cq;%) + ( Z akqbgk) 2.
k<t k<t

k<t
From (2.16) and the fact the [;° P, (y)w(y)dy = O(1), we see that

\|¢2j||£§ (NL, ¢25) 12 = O(a7) and ||¢2@||Z§ (NL, ¢o0) 15 = a; By + o(a7),
where
By = ||¢2cll 73 (~0y 0200y, + 03¢, b20) 15 -

To compute By, we simply expand

20 20
—0y$200yK gy, + 3 = > Brdor(r) = > BrHy(2), (2.17)
k=0 k=0

from which we directly obtain the constant By by the orthogonality (2.12).

Compute the constant By in (2.17): From the definition ¢os(y) = Hy(z) with z = 2ar?,
we have

We then write

1 1 2 a2
—0y$200, Ky, + 63 = Fay (y" " 0200,K,,) = —=50- <He i Hy(£)¢ d22d§> :
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For the case (d = 3,¢ = 3), we have

_ay¢2€aylc¢ze + ¢%€ = \}Eaz (H3/0 H3(5)\/gd§>

41 1262
= ng - ?6z5 + ﬁz‘* — 577922 + 36456022 — 9408002z + 705600

6
= ZBk:H6(Z)a (2.18)
k=0

where the second line is computed by Matlab symbolic, and we have from (2.14) the value of
Bs is given by

) 416 12628
B3 - §|A673| - ?|A573| + T|A4’3’ - 57792 = 39360. (219)
Thus, the ODE satisfied by ag is
1
l ~ Bza3 h ~——. 2.20
as 303, ence, as(s) Bss ( )

For the case (d = 4,¢ = 2), we similarly compute
1 z
—0y 020Ky, + b3 = 20 <H2/0 H2(§)§d§>

3
4 _702° + 105622 — 5760z + 9216

3
= §H4+B3H3+BQH2+"' , (221)
where we use (2.14) to compute the value of By which is given by
3
By = §|A472| — 70| A3 2| + 1056 = 576. (2.22)
Hence,
1
L, ~576a2>  hence, ~ — . 2.23
as as ence, as(s) E76s (2.23)
In summary, we have found the asymptotic expansion in L? as follows:
1 1 (2a3?)*
=1-—— =1 — =——+4.. 2.24
w(y.5) = 1= goduly) + e (2:24)

where By is given in (2.19) and (2.22) for the case (d = 3,¢ = 3) and d = 2, ¢ = 2 respectively.

Matching asymptotic expansions and the profile: The inner expansion (2.24) suggests

to look for a profile of the form
. y ||
w(y,s) ~ F(§) with {=-5F = . (2.25)
st /T —t|log(T — t)|2

Plugging this form to (2.2), we obtain at the leading order the nonlocal ODE satisfied by F":

¢
édl_lag (F/O F(g)gd—ldg) - %gF’ _F=0, (2.26)

subjected to the initial condition
F(0)=1.
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One looks for solution of the form
1
F(§) = e 0 (£7Q),
and convert (2.26) to the ODE

dQ(Q —1/d) + (Q —1/2)¢Q' =0, Q(0) =

The two trivial solutions are @ = 0 and Q) = é < 1/2 for d > 3.
We observe from (2.27) that Q(&) is a positive decreasing function on (0, c0), namely that

Q&) >0, Q'(&) <0 for £ € (0,00). (2.28)

As for the positivity, we assume there exists a first point £* € (0, 00) such that Q(¢*) = 0
and Q(&) > 0 for £ € (0,£*), then Q'(¢*) < 0. From (2.27), we have —3Q’(¢*) = 0, which
is a contradiction. As for the decreasing, we assume there exist a first point é such that
Q'€ =0) and Q'(¢) < 0 for all £ € (0,€), then equation (2.27) gives either Q(£) = 0 or

Q) = %. The first case is not possible because of the strict positivity of ) , the second case

gives Q(0) = Q(€) = é for all £ € (0,€) consequently @Q'(¢) = 0 for all £ € (0,€), which is a
contradiction.

We conclude that @ is decreasing and connects Q(0) = 1/d to Q(oc0) = 0. By solving

¢ =£(Q), we obtain the autonomous ODE

0¢ Q—-1/2

9Q " dQ@Q—1/d)

whose solution is implicitly given by

1
it (2.27)

£=0 with £(0) :é

1—d
e = KQ, coe Ry (2.29)

From the initial condition Q(0) = 1/d, we look for an expansion near £ = 0,

1 cy lc?
Q) =5 — g€ + €+ 0(E™) for €0, (2.30)
As for £ large, the decay condition Q(&) — 0 as £ — oo, then from (2.29) we see that
_1
Q&) ~c, &2+ 0(E) for £— oo (2.31)
From the relation F(§) = dQ + £Q’, we end up with

d+ 20 20(d + 44
F()=1- Cg(dzi_l )5% y T fl?;—l )5412 +0(£%) as € =0,

Matching this expansion with (2.24) yields the value of ¢;:

co(d+ 24 200)¢
Z(d@rl ): (BZ, hence, ¢

B (2a)2d€+1
~ By(d+20)°

(2.32)

The correct value of ¢y is crucial in many algebra cancellation in the rigorous analysis later
(for example, improved estimates of the projection onto the null mode in Lemmas 4.2 and

(4.4)).
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3. Linearized problem and bootstrap regime

In this section, the constants ¢ and « are fixed as

d—2 1

T2d 20

We formulate the problem to show that there exist initial data so that the problem (2.2) has
a global in time solution that satisfies

(=3 for d=3 and (=2 for d=4, a=

sup w(y,s)—F(ys_i) —0 as s— o0, (3.1)

y=>0

where F(€) = g1 0:(€°Q(€)) = dQ(€) + £0:Q(€) and Q(€) is defined by (2.29).

3.1. The partial mass setting

Since we are working in the radial setting, it’s convenient to work in the partial mass to
simplify the analysis, namely we introduce

Y B Oy My My
mals) = [ WG i) = B 9K, =~ (32)
We write from (2.2) the equation for my,,
d—1 1 d—2 MOy My
asmw = aflmw — Taymw - §y8ymw + me + Tgl (33)

To keep the same scaling invariance of the original solution w(y, s), we further introduce

mw y;s ].
ol8) = B = oy, = 0, (), (3.4)

where we write from (3.3) the equation for v:
1
Osv = Agiov — iyayv —v+dv?+ yvoyv, (3.5)

where Agy9 stands for the Laplacian in dimension d 4 2 acting in the radial functions, i.e.

d+1
Agio = 0; + Tﬁy

We have found in the previous section through a formal spectral analysis and matching
asymptotic expansions the following approximate blowup profile to (3.5),

Q=Q(&), V&=ys 2 >0,

that solves (2.27) and is defined by (2.29). We recall that the profile @ is strictly monotone
and positive,

Q) =1, Jm QE) =0, Q) >0, QE)<0, V>0 (36)
E—o0
The monotonicity of () makes the perturbative analysis simpler for the associated linearized
problem from (3.5). In contrary, a linearization from (2.2) around F would make the analysis
more complicated in terms of technicalities due to the lack of monotone property of F'. This is
one of the reasons we choose to work with the partial mass setting (3.4). Nevertheless, there
is always equivalent between the analysis with (3.4) and the one with the original variable
w(y, s) upto some technicalities.
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3.2. Linearization

A linearization of (3.5) around the profile ), namely

v(y, s) = Q(§) +&(y, s), (3.7)
leads to the linearized problem
Ose = He+ NL(e) + E, (3.8)
where 57 is the second order linear operator
H = ANgy2 — V1y0, + Vo, (3.9)
with )
Vi(€) = 5 —QUE), Val(e) =20Q — 1 +£0:Q, (3.10)
and F is the generated error,
E=Ai12Q — 05Q. (3.11)
and N L is the nonlinear quadratic term
NL(e) = de* + yedye. (3.12)

From the asymptotic behavior of the profile Q(&) given in (2.30) and (2.31), we observe

Vi) = 5 T OE), ale) =14 0(E), £<1,

and
1 _ _
Vi(§) =5 +0(¢ 2 Valé) =-1+0(677), £>1,
Thus, the full linearized operator 7 behaves differently depending on the region:

1
%N%ﬂﬁ +1d, where %ﬂﬁ =Agio — ﬂyay, for y < 875, (3.13)

and
1
H o~ Ay~ 1A, where Ay = Ao — Syd,, for y> s (3.14)

We note that in the outer region y > s‘i, the operator .Z behaves the same as for the one
considered for the classical semilinear heat equation (1.3). However, the inner region y <
s~2 and the intermediate region y ~ s‘i, the operator behaves differently in comparison
with what is known in the analysis for (1.3). To our knowledge, there is no a complete
spectral theory for the full linear operator .77°. We thus use a different approach to avoid this
missed piece in the analysis, especially in the intermediate region.

We recall here the spectral properties of J# 1 which play an important role in the analysis

when the inner region is concerned. The linear operator .77 1 HPZ(R+) — L%(RJF) is self-
2
adjoint, where the weight function

_l?
ply) = e ar y*t,
In particular, we have from (2.8) and (3.4),
H pon, = —%90%“ n €N, (3.15)
where the following relation holds
1 (Y _
pan(y) = s $2n ()¢, (3.16)
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with ¢9, being defined explicitly in (2.9). We use the even index 2n instead of n to infer
that we are in the radial setting and the eigenfunctions are only polynomials of even degrees.
Note that o, has the same form as ¢2,. We also have the orthogonality

/0 N Pon (Y)P2m (Y)p(Y)dy = cnlnm, (3.17)

and the family of the eigenfunctions {ya, }nen forms a complete orthogonal basis in L%(RQ
in the sense that for any g € L%(RJF) we can decompose it as

o
9W) =D gnom(y)s  Gn = (9, Pan)p = /0 gpanpdy. (3.18)
neN

3.3. Bootstrap regime
Our aim is to construct a global in time solution e(y, s) to (3.8) that satisfies
le(s)llLoomy) — 0 as s — oo. (3.19)

This requirement implies that the dynamics of (3.8) mainly relies on the linear part
since the nonlinear term is roughly quadratic. The construction is based on the following
observation: )

- the outer region y > s2¢ (£ > 1): thanks to the decay of Q(&), the linear part J# ~
1 — 1d has a fully negative spectrum. Thus, we can control the solution in this region

wit2hout difficulties. In particular, let K > 1 be a large fixed constant and define
gex(yvs) = E(y) 8)(1 - XK(&))? (320)
where ¢
Xx (€) = Xo (?) (3.21)
and Yy, is the cut-off function
Xo € C*(Ry,[0,1]), x,(§) =1if€€[0,1] and x,(§) =0if&>2.
From (3.8), we write the equation for ¢*(y, s),
0se™ = (A1 —1d)e™ + (1= X, ) [Qudye + (2dQ + £0cQ)e + NL(e) + E] + £"(e), (3.22)
and £% is the boundary term due to the cut-off defined by
1
Eb(e) = ( — OsX e + DdoXx — ﬂyany)a + 20y X 1 Oye. (3.23)

We need here the information of € at the boundary K520 <y< 9K 520 (K < ¢ <2K) that
we retrieve from the estimate of € in the intermediate region to close the estimate for .

- the intermediate region y ~ 52 (¢ ~ 1): As mentioned earlier, there is a lack of
a complete description of spectral property of 57, we are not able to use the semigroup
estimate as for the nonlinear heat (1.3) (see for example, [45], [47]). Thanks to the monotone
property of () and the dissipation, we can achieve the control of € in this region through a
standard energy estimate from (3.8). To obtain a small enough estimate, we need to refine
the approximate solution by introducing

- 1 (2ay?)*

U(y,5) = Q)+ Wlw,s), Wlys) =5 (eulv) ~ 5517 )% (©) (3:24)
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where By is the constant defined in (2.22) and (2.19) and 2« = §. Recall from (2.24) and

(3.4), we have an equivalent inner expansion of v(y, s) in L2:

Wyes) = 3 = povul) 4o (3.25)
and from (2.30) and (2.32),
QE) = 1~ o 208) (20" 4 O(E) a5 £l (320)
d  By(20+d) B2(2( + d)?
Hence, we have for y < sﬁ,
o = - B et o) e
which agrees with the expansion (3.25).
We then linearize
v(y,s) =¥(y,s)+E(y, s), (3.28)
and write from (3.8) and the relation ¢ = ¥ + &,
O = HE+VE+NL(E) + E, (3.29)
where #, NL are defined in (3.9), (3.12), and V is small linear operator
Vé = —Uyd,é + (24 + yo, V)¢, (3.30)
and E is the generated error
E(y.s) = —04(Q(€) + %) + Aa12Q(€) + T + NL(D). (3:31)
We introduce the following norm: for a fixed large constant K > 1,
el = [0 = xe (o) 2 (3.32)

In fact, we can replace the power 4¢ + 2 by any integer number 2k with k£ > 2/ + 1, so that
after some integration by parts, we get an estimate of the form

d, . N n ” ”
%Hds)ﬂf < =8(k)|12(s)I7 + [1E(s) I} + "boundary terms y ~ K7,

where §(k) is strictly positive for k& > 2¢ 4+ 1. Due to the cut-off (1 — x, (v)), we need infor-
mation of € for K <y < 2K to estimate the boundary term and to complete the estimate of
lE(s)||,- This information is retrieved from the control in the inner region.

- the inner region y < 52 (¢ < 1): The linearized operator # behaves like 51 + Id

20
that has £ — 1 positive eigenvalues, a zero mode and infinite many negative ones. We need

further refinement to achieve the control of € in this region. More precisely, we decompose

E(y,s) = U(y,s) +&(y,s) + £y, ), (3.33)
where
20-1
iy, s) = > Eu(s)p(y),  Erls) = (& o). (3.34)



TYPE I-LOG SINGULARITY IN THE 3D AND 4D KELLER-SEGEL SYSTEM 17

The introduction of & is to obtain a spectral gap estimate once we perform L,% estimate for
€. In fact, we have the orthogonality condition

<§7 902/€>p =0 for k= 07 e 767 (335)

where o, is the eigenfunction associated to the linear operator e%”i , from which we have
the estimate

(H18,8)+ (8,8), < —(,8),. (3.36)
From (3.8), we write the equation for &,
0 = (A1, +1d)é + VE+ NL(8) + E(y, s), (3.37)

where % is the linearized operator around @ introduced in (3.9), V is a small first order
linear term,

V= -Viyd, + Va, (3.38)
with
Vi = é — U -2, Vo=2dV —2+yd,V + 2dé, + yd,4;, (3.39)
the nonlinear term N L(£€) is defined by (3.12) and E is the total error term,
E(y,s) = —05(V + &) + AgaQ(€) + (U + &) + NL(V + &,). (3.40)
We now define the bootstrap regime to fully control the solution to (3.8).

Definition 3.1 (Bootstrap regime). Let s > 1 and A > 1, we define S4(s) the set of all
functions e(s) € W1*°(R,) such that

|6p(s)| < As™2 for 0<k#0<20—1, (3.41)

|&0(s)| < A%572log s, (3.42)

16(3) 23 ry) < As~3, (3.43)

J=0.12 [[(yd,Ye(s)], < A5, (3.44)

J=0.1, [[0,)7e™(s) | pmmyy < A™sTT, lye™(5) [pmqmy) < A5, (3.45)

where £, £, e and || - ||, are introduced in (3.33), (3.20) and (3.32).

Remark 3.2 (Order of estimates). The bootstrap estimates defined in the shrinking set Sy
shows the prioprities in order to achieve the control of ¢ in the whole Ry as follows: we
first obtain L%—estimate for € which directly gives leoc—estimate, then a standard parabolic
regularity yields L*°(y < K) bound for € for any K > 0; this LS -estimate is then used in
the energy estimate of ||£(s)||, to bound boundary terms (having the support y € [K,2K])
due to the cut-off x, (y) (see (3.32)). A parabolic regularity type argument yields a similar

1
estimate for |lyd,é(s)||,, from which and Sobolev we get L>-esimates for y < Kss*. This

1
L*>-bound for y ~ Kss>* enters the estimate of ||e®||; due to the cut-off x, (). We thus
can obtain an L* bound for € in the whole R, . Since the nonlinear is quadratic, we just
need a rough bound of |||z (g to handle this nonlinear term in all estimates.
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3.4. Existence of solutions in the bootstrap regime

The strategy is to show that if we start with initial data e(sg) € Sa(sg), then the corre-
sponding solution £(s) to the equation (3.8) stays in Sa(s) for all s > sg. In particular, we
consider the initial data of the form

e(y,50) = Uy, 50) +€(y, %), &y, s0) = P[d, 4, s0)( (Z d19021> Xo(§)  (3.46)

where U is defined in (3.24), ¢9;’s are the eigenfunctions of ,%”% , X, 1s the cut-off function
2
introduced right after (3.21),

so>1, A>1, d=(dy,---,ds_1) € Bi(RY),

are real parameters to be determined for which the corresponding solution £(s) is trapped
in S4(s) for all s > sg. Precisely, we aim at proving the following proposition which is the
central of our construction leading to the conclusion of Theorem 1.1.

Proposition 3.3 (Existence of solutions in S4). There are s9 > 1, A > 1 and d € B;(R")
such that the solution £(s) to (3.8) with the initial data £(so) = [d, A, so| defined in (3.46)
is trapped in SA(s) for all s > sp.

Proof. By the definition of 1[1[d, A, s0] and the projection of 1[1[d, A, s0] onto pak, we obtain
by a direct computation and the exponential decay of the weight function p,

- Ad
Yy = J—i—(’)( -2 _”50/2) for k=1,---,0—1,
55
and
~ 1/¢
[i| = O(As(;Qe_“SO/ ) for k>4,

for some k > 0, and

20—1 ‘— 20—1
[(y) = |¢(y Z bror(y ‘ Z o2k (W) (1= x0(€) = Y ?l)szk(y)‘
k=0 k=¢
< é< >22721 +AS—2671@3(1)/ < >4672 Yy > 0
~ 83 {&>1} 0 Y ) Y .
This yields the bounds
2
~ _ —K/Sl/e Hsl/l
10llL2 S AsgZe™™0 > " [I(ydy Il S AsgZe™™0" .
§=0

By the definition (3.20), we have by x,(£)(1 — x, (€)) = 0 for K > 2, thus, e™(sg) = 0. We
then conclude that for A > 1 and sp > 1, the initial data e(y, so) € Sa(so) with strictly
inequalities, except for the first £ components ¢, with k=0, --- ,£ — 1.

From the local Cauchy problem of (1.1) in the radial setting in L>(R?), for each initial data
e(s0) = U(sg) + '&dyA;SO € Sa(sp), there is a unique solution £(s) € Sa(s) for s € [sg, sx). If
Sy = +00, we are done. If s, < 0o, we have €(s,) € 0S4(s+). We claim that £(s,) touches the
boundary 0S4 (s«) only for the first £ components £ (s.) with k =0,--- ,£— 1. In particular,
we claim the following:
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Proposition 3.4 (Reduction to finite dimensional problem). For A > 1, sy = so(A) > 1,
there exists d = (do,--- ,dg_1) € B1(R") such that if the solution £(s) to (3.8) with the ini-
tial data (y, s0) = W(y,s0) + ¥[d, A, s0](y) defined as in (3.46) satisfies £(s) € Sa(s) for
s € [0, 54 and £(sx) € 0SA(sx), then it holds

R . A A\¢
(50,"' ,5(_1)(5*) € 8(|:— 3727?}) . (347)
Moreover, we have
d
ﬁé%(s*) >0 for k=0,---,0—1. (3.48)

Assuming Proposition (3.4), we see from (3.47) that the map
0:[-1,1)" - 9([-1,1]9),

2
8* ~ ~
(doy -+ ydp—1) — a1 (20, 1 €0-1) (s4)

is well defined. From the transverse crossing (3.48), we see that (&g, ---,&s—1)(s) actually
crosses it boundary at s = s, hence, (&g, ,€/-1)(s) only leaves Sa(s) at s = s9. This
is a contradiction since © is the identity map on the boundary sphere and it can not be a
continuous retraction of the unit ball. This concludes the proof of Proposition 3.3, assuming
Proposition 3.4. O

4. Control the solution in the bootstrap regime

4.1. Properties of the shrinking set
We claim the following.

Lemma 4.1 (Properties of the shrinking set). Let A > 1 and s > so > 1 and £(s) € Sa(s)
be a solution to (3.8). We have
i) (Local L*°-estimate) For all M >0 and j = 0,1,

1858(s) Il Lo~ (yenry S C(M)As ™2, [|858(5) |l L yenr) S C(M)A%s™2[log s|. (4.1)
ii) (Pointwise estimate)
Vy >0, (e, )|+ |yd,e(y, 5)| S A% (y)* (42)
iii) (Global L*>-estimate)
. . 1
()l zoo ) + WOE(S) ooy S A7 (4.3)

Proof. (i) From the L? bound (3.43) of &, we get

- M2 _
()| L2 (y<anny S €27 1|1E(8) |23 S C(M)As™>.
A standard parabolic regularity then yields the estimate
1E(3) ]| ow (ycnry + 18yE(8) | Lo (y<ary S C(M)As™>.
We recall from the decomposition (3.33),

20—1

Ey,s) = > éxl(s)par(y) + &y, 5). (4.4)

k=0
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Using the bootstrap bounds (3.41), (3.41) and the L* local bound of & yields the desired
estimates.
(ii) We first claim that if fy21(u2 + [udyul?)y~dy < 400, then

lull ooy S / (0 D)y (4.5)
y=

By making a change of variable v(z) = u(Mz), we write

2 2
HUH%OO([M,QM}):”UH%W([LQ])5/1 v2(Z')ClZ+/1 |0:0() *dz

2M ) dy 2M )
s [ ewie [ Mo Py
M M

2M 2M
5/ v2(y)y‘1dy+/M lyoyv(y) Py~ dy

M
Taking the supremum with respect to M yields the inequality (4.5). We then apply (4.5)
with u = yﬂ% and u = % to obtain from (3.44)
3
Vy> 1, [é(y,s)| + lydyély, s)| S A% T (y)*

from which and (4.1), we obtain (4.2).
(iii) The estimate (4.3) follows from (4.2) and the bootstrap bound (3.45). O

4.2. Decomposition of the error
We claim the following.

Lemma 4.2 (Estimate of the generated error). We have
(i) (L*°-bound of E and F)

- - _1
IE(s) | Lo ry) + 19Oy E ()l oo y) + I1E ()l Loe (ry) + (19O E(5)][Loory) S 577 (4.6)
(ii) (Decomposition of E)
20—1
E(yv ) E ( )(ka(y) + R(yv S)a (4 7)
k=0
where
20—1 X
Yo B9 Ss (B9 S5 1Rz S 57 (4.8)
k=0,k4(
and
2
> ) S 572 y)* (4.9)
§=0
In particular, we have
> | ya ]E 3/7 )|2 dy _9._3
Z/ o, ST (4.10)

Remark 4.3. The improved estimate for E, reaching the order s™3 comes from a crucial

algebraic cancellation to remove the term of order s~2 thanks to the precise choice of (2.32).
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Proof. (i) From (3.11), we have the estimate for all y > 0,

[E(y, s)| = |E(& 5)] = | = 3:Q(E) + Ag12Q(€) ]

S s @) + 57

and

199, By )| = [€0cBIE,5)| = 57" | (€06 Q(E)| + 57

As for E , we have by the definitions of @9y and \if,

G=0,-.3, (00, ¥(y,s) <s77, [05((1)d,

QO+ 55

YU(y,s)| Ss770

Then, we have from (3.31), (3.9) and the bound @ + |£0:Q| < 1,

E(y,s)| = |E(y, s) — 8,¥ + .20 + NL()|

SIE(y, s)| + 09| + |Ag2P] + |y0y U] + [F] + |y, PT| + [¥[* < s~

and a similar bound for |yd, E|, which concludes the proof of (i).

(ii) From (3.31), (3.9) and (3.13), we rewrite E as

By, s) = —0:% + A1 Q(€) + A0 ¥ + ¥

(5~ QO)y T + (24Q — 2+ €0:Q) ¥ + NL(

We use the expansions (3.27) and (3.26) of ¥ and @, the cancellations

240y +1d)y** = 0 to write for y < 52 (€<,
—0,U+Ag12Q(E) + j@\if + U

and (—

L e 4d
52| B¢ BX(20+d)?
We notice that
~ (2a92)z 20—2 =
= —_—_— = \I] =
Pay) = paly) = =5; T O((y)" 7)), Y(y,s)

and use again (3.26) to expand (keep track the terms of order O(s

1 (2ay?)
52 B2(20 + d)
1 (2d + 20)(2ay?)*

(e

Ad+2(204?/2)2£] + O(

(240 =2+ 0:Q¥ = B2(2( + d)

1
[dwze + yé?ycp%] + 0(

NL(¥) = e

A collection of these expansions yields

E(y,s) = Py_s(y) + R(y,s) with Z\

1
B22

(y

Bys

)6672

YOy Par + 0(<y 33 ),

60—2
P+ O ( <y>83

60—2

>33 )

0, R(y.s)| = 0(

~|=

0).
(

£9:Q"(€) + £0e(£71Q(9))

(y)%2
s3 ’

Bax0(6) = O(

~2) only),

)

(y)or—2

g3

<g

~

Yy > 0.

).

|

21

=

g1 +1d) e = 0

(4.11)
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where
(2ay?)*
(20 + d)

ld
m Ad+2 (204/2 ) 2 +

(2d 4(—;?_(2?3/2)6 Pae + d@3y + %y@,@%g. (4.12)
A projection of E onto o immediately gives
Ex(s) = (E, o), = O(s7%), keN.
We claim that the projection of Py o onto @9 is identically zero, i.e.
(Pag—2,p20)p = 0, (4.13)
from which we get the improved bound
Eﬁ(s) = <E, ‘P2€>p = (Py—2, 902€>p + <]%, 902€>p = 0(3_3)-

This concludes the proofs of (4.7), (4.8) and (4.9). The estimate (4.10) is straightforward
from (4.11) and (4.6). Indeed, we have the estimate for j =0, 1, 2,

A L . N N
/°° (Y0 EI* dy _ /s” (!(y@y)JPu_zl2 n I(yay)]RP)dy +/°" |(y0y ) E* dy
1 1 s

Py_o(y) = —Brpae + YOy Par

y4€+2 y ~ S4y4€+2 y4€+2 Yy 2712 y4€+2 y
1
s2t 40—7 60—7 [eS)
) Y _2 dy _9_3
S/l ( Tt 3 >dy+s Z/Sgéy4€+355 ?)
It remains to prove (4.13) to complete the proof of Lemma 4.2. O

Proof of (4.13). We use the exact value (d,¢) to simplify the computation which we can
easily implement with Matlab symbolic. Recall from (2.9) and the relation

1 (Y _
eal) = 5 [ om0,
we have for (d,¢) = (3, 3):

6
Y 2 4 2 ~ 2 4 2
-7 _Z 282 — 280 =—- 28y~ — 280
v6(y) 543 ~ 39 T 28y , Pe(y) ¥ +28y :
4y 114848  19264y5  17360y* 9
P —-B — — — 62720 235200,
10(y) 306 (1) 243 243 31 + 3 Y+

and recall from (2.19) that Bz = 39360 to get

1
———= (P10, p6)p, = —Bs + 39360 = 0.

617
Similarly, we have for (d,¢) = (4, 2):
4
piy) = 55 =2+ 2%, Guy) = —27 + 24,
6
Psly) = ~Bupa(y) — & +33y" — 480y” + 2304,
and recall from (2.22) that By = 576 to get
1

—— (P, = —By + 576 = 0.
Tpalg Lo #alo = — 52
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This concludes the proof of (4.13) and completes the proof of Lemma 4.2. O

4.3. Dynamics of the finite dimensional part

We obtain in this section the ODE satisfied by the finite dimensional part £,. We claim
the following.

Lemma 4.4 (Dynamics of the finite dimensional part é;). Let e(s) € Sa(s), we have
(i) (Decomposition of E) The function E defined by (3.40) can be decomposed as

201
k. . A, 2 ~
Z [Ek — &+ (1- 6)64 oo(y) + (Ee — &) — ;63)9024 + R(y,s), (4.14)
k=0, k£t
where By is introduced in (4.7) and satisfies the estimate (4.8),

1R(s)2 S s (4.15)

(ii) (Dynamics of &)
20—1

>

k=0 k¢

2

&+ & < 573 (4.16)

ot (- D)

Proof. (i) From the definitions (3.40) and (3.31) of E and E, the decomposition (4.7) and
A1 ok = —% ook, we have by
E(y,s) = E(y,s) = 0s&; + (A1 +1d)é; — Prydyés + Pody + NL(Z)

201
k A = R ~ .
— Z [Ek—ek—i- e)}QDZk‘i‘R—Plyay&u—|—P2€h+NL(€u),

where NL(é;) = dah + y2,0,4y, P and P are defined by

| .

Pi=— =W, Py=2dV -2+ 0.
From the expansion (3.27) of ¥, we have the rough estimate

(y)**

S

¥y 20, |Pu(y,s)l + [ydyPi(y. s) + [ Pa(y, s)| S
From the bootstrap bounds (3.41) and (3.42), we have
. . 1 _ . log s _
Ve 20, [ylys) — ool S )7 Tl o) S <o)
Using these estimates, (4.8) and Cauchy-Schwarz inequality, we end up with
1R — Prydy (24(y, s) — Eop2e) + Pa(Ey(y, ) — Expar) + NL(E) |12 S 57 (4.17)
We claim the following:
~ ~ . 2 _
(—P1y0ypae + Pawar, 020)p Ee(s) = —;w(s) + O(slog s). (4.18)

We recall from (3.27) the expansion ¥(y,s) = 3 — i O(s72(y)?"), and write (keep track
only terms of order O(s1))

2
—P1y8 @20 + Paoy = —E(dwzz + Y200y @2@) +O(s72(y)%h).
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A direct computation (Matlab symbolic) yields

1 ) (39360 if (d,0) =(3,3) _
m@l%e + Y0200y P20, P20) p = { 576 if (d.0) = (4.2) = By,

which agrees with the formal computation given at page 10 where the constant By is the
projection of the nonlinear term (in the original setting) onto the eigenmode ¢9p. This proves
(4.18) and concludes the proof of (4.14).

(ii) We project the equation (3.37) onto the eigenmode @9y and use the orthogonality (3.35)
to get

0 = (—Viy0,é + Vaé + NL(E) + E, pa) .
From (3.39), (3.27) and the bootstrap bounds (3.41), (3.42), we have the rough bound

< <y>4H.

Vy > 07 |‘71(y7 8)| + |y8y1~/1(y,s)\ + |‘72(y75) S

We use Cauchy-Schwarz inequality, integration by parts and the fact that p is exponential
decay to estimate

[(=Viydyé + Vg, oar)p| S 57 IE(s)] 2

For the nonlinear term, we use the relation € = ¢ — £;, the pointwise estimate (4.2) and the
bootstrap bounds (3.41), (3.42) to get

Vy >0, [y, 8)| + lyd,E(y, s)| S A% ()2,
Then, using Cauchy-Schwarz inequality and the exponential decay of p yields
- 1-3 4
[(NLE), par)p| S A%~ 720 ||E(5) |l 2

Putting all these estimates together with (4.14) and the bootstrap bound (3.43) yield (4.16)
and completes the proof of Lemma, 4.4. O

4.4. Lf)-estimate

We give the formulation to control L?, of £. The orthogonality (3.35), which provides the
spectral gap (3.36), plays a crucial role in the improvement of L% bootstrap estimate (3.43).
We claim the following.

Lemma 4.5 (Energy estimate in L%). Let A>1 and s > so = s0(A) > 1 and e(s) € Sa(s),
there is 6 > 0 such that

d . 1, . _
£||5||%g < —gHSH%g +Cs7°, (4.19)
where C' is independent of A.

Proof. The proof is just a standard energy estimate in L?) from the equation (3.37). We take
the scalar product of (3.37) with € in L% and use the spectral gap (3.36) to get
1d
2ds
From the definition (3.38) of V and integration by part, we get

- 1 oo N o oo B B -
‘<V5a5>p‘ = ‘ —2/0 Vlyay52pdy+/0 V262pdy‘ S/O (lyoy Vil + ()?[Va| + |Va]) &2 pdy.

18125 < — 118125 + [(V2 + NL(E) + B,8),|.
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From the definition (3.39) of Vi and Vs, we have the rough bound
vy >0, |yd, Vil + ()2 [Vi] + [Va| S 571 ()¢, (4.20)
for some constant C' > 0. Let 0 < k < 1 be a small constant such that
Vy <t sTHy)O < s
We also get from (4.2) and the definition (3.34) of &, to have the pointwise bound
Wy >0, &, s)| < &, 5)] + [Ea(y, 5)] S A% 3 () (4.21)
By splitting the integral and using (4.20), (4.21), we obtain

- 3 sk ~ a3 0 _ﬁ
)<V5a5>p‘ <s 1/ (y)“&pdy + A®s™3 3/ (y)Ce 50 dy
0 sk
S el + A%

for some 7 > 0. Arguing in a similar way to estimate the nonlinear term by using (4.21) and
integration by parts, we obtain

B ~ o0 B 1 o0 B o0 B
[((NL(&),8),| £ ‘/0 d63pdy+3/0 y8y63pdy‘ S/O (y)*|E1° pdy

K
2
[yl

S [oe)
51438‘1‘2’3@/ <y>clél2pdy+A98‘3‘5)@/ (y)3Ctitle ar dy
0 sk
S ATy + A%
)

For the error term, we use the decomposition (4.14), the orthogonality (3.35), Cauchy-Schwarz
inequality and the estimate (4.15) to obtain

~ - 1, ~ 1. . _
(B,2),] = |(R.&),| < 712135 + CIRIE, < {13, +Cs7°

Putting together all the estimates and take sop = so(A) > 1 yields the desired formulation
and concludes the proof of Lemma 4.5. O

4.5. Estimate for the intermediate region

We perform an energy estimate to control the solution in the intermediate region y <
si(f < 1). We claim the following.

Lemma 4.6 (Energy estimate in the intermediate region). Let A > 1 and s > sg = so(A4) > 1
and (s) € Sa(s). We have

d., . . o3
£||5(8)Hf < —8l|&(s)|l; + Cs7>77, (4.22)
d . . . 9.3
£|ly3y€(8)ﬂf < =5llydye(s)ll; + C(IE(s)lIF +s727%F), (4.23)
d . . . . 5.3
£||(y8y)2€(8)|\3 < —6[|(y0y)2e(s) |12 + C(lydy(s)|IF + [IE(s)|IZ + 5727 7), (4.24)

where § > 0 and C = C(K) > 0 is independent of A.
Proof. We begin with (4.22). To ease the notation, we write in this proof

W =x, [ D= [ o
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From the equation (3.29), we have
]. d N 2 ~ N ~ ~ é
3 IEGE = [ (1= ) (2 + Ve + NLE) + B) gy
We rewrite from the definition (3.9) of J# and ¥ = Q + U,
- 1
H+V = Dgar + (0= §)yay + (200 — 1+ 9, 9).

We compute by integration by parts and use the fact that the compact support of d,x and
d2x is in (K,2K),

JAVIDY \8 5‘2 ) ‘ayX‘
/(1—X) 0TS dy < — /( X) 4e+3d +C/ 4e+4 4e+3 d +C/ 4z+5

‘ay€|2 C 2K 9 o
< _/(1_X) y4g+3 dy+ A3 X |E| dy+ﬁH€Hb'

Using the relation € = ¢ + &; and the bootstrap bounds in Definition 3.1, we obtain

2K K—Q K—Q
[ Ve < el < e (1 + aly)
545 Aog?
e (o) S 3
< (— + Sif) <527, (4.25)

Using integration by parts , we derive

/W[(W—)yae—i—@d\ﬁ—l—i—y@ q/) }dy

as X)E €20,y

We now use the monotonicity of Q stated in (3.6) and the fact that | ¥(s)|/e = O(s‘i) to
have

1 1 1
vy 2 07 5 - \Il(y7 ) Z ﬁ - Cs™ 2£ ‘I/<y>3) < g + Cs_iy yaylp<y78) < 08_217a
hence,
1 1 20+1 11 1 1
Yy >0, (2£+1)(§f\11) — YOV 120 > = — 1= Cs 7 = o, = 0572 >
The term with cutoff d,x is simply estimated as in (4.25),
28 2K
X A _9_3
‘/ 4éy+2d’m<JK4e 2/}{ BRI
Hence, by taking K > 1 large, the full linear term is estimate by
E(A + V) EXSE o3
Ja-0TE < - [a—oiha - glewiros )

As for the nonlinear term, we estimate by using (4.3),

5N L(¢ 2(dé + y0yé)
‘ / 4e+3 d ‘_ ‘ / A dy

< (€)oo + W02 o) 1) S ABs™7IE(s) 3.
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For the error term, we use Cauchy-Schwarz inequality and (4.10),

¢||E I 5 I 9.8
Ja-0EB8a < e+ c1ei < gl + o,

y4£+3 — 8¢
Collecting all the above bounds and taking K > 1 and so(A) > 1, we end up with
1d . 11 CA% . 93 . 93
gl EO < (=gt gp ) IEGIE + O™ < gl + €577,

for some § > 0, which concludes the proof of (4.22). The derivation of (4.23) and (4.24) is
similar as for (4.22). Indeed, the equations satisfied by
91 =Y9yE, g2 = ydyar,
have the same forms as for £ with an extra commutator,
Dsg1 = (K +V)g1 + [ydy, H + VIE + yd,(NL(E) + B),
Osga = (S +V)ga + [y0y, H + V]g1 + ydy ([ + V,y9,)é) + (y0,)*(NL(é) + E).
The linear part is estimated as in (4.26) that provides a dissipative term and a coercive

estimate with the constant —&. The commutator term [y0,, 7 + VI]é is then controlled

either by the dissipation or by the norm ||£(s)||?, and similarly for the term [yd,, 7 + Vigi.
The nonlinear term and the error term are estimated by integration by parts, Cauchy-Schwarz
inequality and the dissipation with the provided estimate (4.10) of the error term that we
omit the detail here. This concludes the proof of Lemma 4.6. 0

4.6. Estimate for the outer region

This section is devoted to the control of the remainder ¢ in the outer region y > 57 (€E>1)
based on the well-known semigroup properties of the Hermite operator £, = A —nz-V with
n= % Let x, be the cut-off function defined by (3.21) and recall the definition of e,

e (y8) = ey, 8)(1 = X, (&), & =ys .
In what follows, we write without distinguishing
e=¢e(z,5) =e(y,s), e =c%(z,5)=ec%(y,s), y=|z|, z€R%
and notice that
z-V,e =yoye, V-(ze)=2z-Ve+de =y0ye + de,
From (3.8), we have the equation satisfied by £,

0™ = (3,7 — Id)zsex +F+ &Y = L

5 (4.27)

where
F=(1-xg) [(2y*2 + Q)ydye + (2dQ + yd,Q)e + NL(e) + E,

= (1—x,) [Pydye + Pre + NL(e) + E] = (1 — x, ) F, (4.28)
1
bd
& :<_8SXK+AXK_ﬂy
We restate some well-known semigroup properties of the Hermite operator .£, = A —nz.V
acting on general functions (not necessary radially symmetric) defined from R? to R

Oyxic )2 + 20, %, 0y (4.29)
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Lemma 4.7 (Properties of the semigroup es‘z’i). The kernel of the semigroup €57 is given
by

esfn p _ 1 ex o ﬁ|26_5/2 _5‘2
TR p(-3 o) (4.30)

The action of €% on the function g : R4 — R is defined by
Org(z) = | Dz (6

We have the following properties:
(i) 9|, <llglloo for all g € L=(RY).

(ii) || Vg|| . < —E=llglloo for all g € L®(RY).

Proof. The formulation (4.30) can be verified by a direct check after a simple change of
n|z|?

variable, thanks to the fact that the function po(z) = e~ "2 satisfies Apg+nz-Vpo+dnpy =0
for all z € R, The estimates in (i)-(ii) are straightforward from (4.30). O

Lemma 4.8 (Estimates in the outer region). For A > 1 and sy = so(A4) > 1 and (s) €
Sa(s), we have for all T € [so, ],

) A (s—r o C(K)A3tI
J=01, wd,) e () e < et (ya, e (Ml + CEIAT oy ()
T7
and 5
ex —(s—T1 ex C(K)A
e ()l < ey (Pllpm + A (1 45 -, (4.32)
T 20

Proof. We use Duhamel’s formula and item (i) of Lemma 4.7 to write from (4.27) for all
T € [0, 9],

s

le(5) o < e (7)o + / e D (1P e + 187 120< ) s,

T

Due to the the cut-off x, (£), the boundary term £%(¢) is located in the zone K s <y <

2K sﬁ(K < ¢ <2K) and it is bounded by using the estimate from the intermediate region.
In particular, we have from (4.2) and the bootstrap bounds (3.41) and (3.42) the following
estimate for j =0, 1,
. N N 7;
K <€<2K, |(y9,) ey, s)l < |(ydy) ey, s)| + |(ydy) éx(y, s)| < C(K) A5 7.
Hence, from the definition (4.29), we obtain

1
1€ ()L < lle(s) | oo (re<e<are) + lydye(s) | oo (<e<ar) S C(K)A%s™ 2.

For the term F', we use the decay of () that is
V= Kso, Q)] +160:QE) S €2 S K s E,

and from the definition (3.12) of NL(e) and the bootstrap bound (3.45) and the bound (4.6),
we get

_1
1F e < 57 (le™ Lo + llydye™ o) + e[ Toe + Il Le lydye™|lzoe + [ ]l Lo

9 _2 _1 _1
SAsTi4s50<SsTe,
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_1
for sp(4) > 1 so that A9 £ < 1. We gather all these estimates and simply bound

N e~ (=gt ds' ST T (1 + s — 7) to conclude the estimate (4.31) for j = 0.
The proof of (3. 40) for the case j = 1 is similar as for j = 0 by using (ii) of Lemma 4.7. The
only difference is due to the extra commutator term in the equation satisfied by

g™ =z Ve™ = y0ye™,

which reads as

059™ = (L —1d)g™ + [z - V, Agyale™ + 2 - V(F + €M), (4.33)
where ex
ex __ ex __ . <9
[2 -V, Agio]e®™ = —2Ae™ = -2V ( ) )
Let

g =2-Ve =y0ye,
we write from the definition (4.28) of F,

2-VF = —ydyx (F +yPig) + 9y(yPrg(1 — x,))
F(1—x,) [(yayPl 4Py —yP)g +yd,Pee + E+ NL(¢)|,
and from the definition (3.12) of NL,

(1= x5 )y0yNL(e) = (1 = xx) [(2d = 1eg+9°| —ydyx,eg + 0y (ye™g).
Hence,
z-VF =0,(yPrg(1 - x,) +ye¥9) + G, (4.34)
where we can bound G in L* from the bootstrap estimates (3.45), the decay of @, the

support of x, and its derivatives,
1

1 « _3 _1
IG() e S s77, NyPrg(l = x) +ye™g)llre S A% 730 S 577
Similar, we have
2 VEY = 20y(Oyx x9) + G,
where G*® and OyX 9 have supports on {stle <y< 2Ksi} that can be bounded using the
estimate (4.2),
1
G ($) Lo + 19y xxegllze S A5 7.
We now use the Duhamel’s formula applied to (4.33), Lemma 4.7 and (4.6) to get

s e—(s s’

vf[m/ O I [P ] PR [
S

+/¥ﬂ*“MaﬂmwH@Wﬁmw+M@Mﬂm4@’
(ss)

T +s—ﬂ-

This concludes the proof of (4.31) for j = 1. The estimate (4.32) for ||ye®™||p> follows the

same proof as for (4.31), except that the bound on the error ||yE(1 — x,)|lre < s~32¢. This
completes the proof of Lemma 4.8. O

lg™ (s)llzee < =g (r) | L +

< e |g (7)o + A3 J) m8+/e<8“w>wy
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4.7. Proof of Proposition 3.4 and Theorem 1.1

In this section we give the proof of Proposition 3.4 to complete the proof of Proposition
3.3. Theorem 1.1 is a direct consequence of Proposition 3.3.

Proof of Proposition 3.4. The basic idea is to improve the bootstrap estimates given in Defi-
nition 3.1, except for the first £ modes (£;)o<k<¢—1. Regarding the constants, we fix them in
the following order: we fix K > 1 a large constant independent of A, then A = A(K) > 1,
then sy = sp(A) > 1. We recall from the assumption that

e(s) € Sa(s) Vs € [sg,s1] and e(s1) € 9Sa(s1)-

(i) (Improve bootstrap estimates) Let’s begin with &, and argue by contradiction that there
is § € [sp, s1] such that

A? log s

A%logs
Vs € [s0,5), &(5) =+ 8%

=2 )

u(s)] < :

then, we have by equation (4.16) (consider that case £(5) > 0, similar for the negative case)

2A210g§+C’A, 2dAZlogs _A2 2A%log 5
53 AN ds sz ls 33 33

which can not happen for A large enough. Therefore, £y(s) never touches its boundary,

)

(5)> A

A?log s1

€e(s1)] < 5
51

As for the modes €, with k = ¢ +1,---,2¢ — 1, we integrate the ODE (4.16) forward in
time and use the fact that the eigenvalue is negative to conclude that €r(s) can not touch its
boundary as well. The same way for Hé(s)HLg and ||(y0y)’€||, thanks to the energy estimates

derived in Lemmas 4.5 and (4.6). The improvement of ||(y9,)e™ ||~ and ||ye™ ||~ follows
from Lemma 4.8 by taking A = log A > 1 and sp > A such that for all 7 > sp and s € [r, 7+ ]],
we have

T<s<T74+A<T74+59 <27, hence,

INA
[V

IA
3=
IA
C/:‘\l\’)

1
2T
This give us the bound

K)A3ti A3+J1 A At
C( )1 (1+S*7—)5C( ) °8 1
T 3[ St

for A large enough. This concludes that (s1) can only touch its boundary 0S4(s1) at the
first £ modes (ék)ggkgg_l.

(ii) (Transverse crossing) The estimate (3.48) follows from a direct computation thanks to
(4.16),

-1 1 72 A4 _ A2
stzek s1) Z [ (1— k/0)E(s1) + O(s |5(81)\)] N B (4.35)

for A large enough. This completes the proof of Proposition 3.4 as well as Proposition 3.3. [

Proof of Theorem 1.1. (i) and (ii) follows from the definition of the shrinking set 3.1 and the
relation w = dv + y0,v and ¢op = dpay + yOyp2e. As for (iii), we use the same argument as
in Herrero-Veldzquez [33] for the classical nonlinear heat equation (see also Bebernes-Bricher
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[1], Zaag [61], [26] for a similar approach), we only sketch the computation for the reader
convenience. We introduce the auxiliary function

9(z0,&,7) = (T —to)u(z,t), x=z0+&/T —to, t=to+7(T—to),
where ty = to(x) is uniquely determined by
20| = Kon/T — to|log(T — to)|2¢, Ko > 1.
We have the relation

ENR

K2(2]log |zol|) *

log(T — to) ~ 2log|zo|, T —to~

From (1.10), we have
u*(wo) = lim u(z,t) = (T —to) " lim g(20,0,7) = (T — to) "G, (1).
t—T T—1
We compute from (2.31),
_1
3ro(1) = F(Ko) ~ (d = 2)¢, " K2,

which gives

1 1
. 2\ |log|xol|*
u*(xg) ~ (d—2 <> —=—— as |zg| — 0.
(@)~ (d=2) (=) R s fag
This completes the proof of Theorem 1.1. O
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